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The sticking probability
of colloidal particles
in polymer-induced flocculation

Abstract The interaction between
colloidal particles in a solution
containing polymer molecules is
examined theoretically. In particular,
the sticking probability of colloidal
particles, which plays a significant
role in the determination of the
collision efficiency of an unstable
dispersed system, is analyzed. We
found that the sticking probability is
extremely sensitive to the variation in
the Hamaker constant of a colloidal
particle. In the conventional analysis
of the collision efficiency in polymer-
induced flocculation, it is assumed

that the adsorption of polymer is
relatively fast than the collision of
colloidal particles. Since the
adsorption of polymer will
significantly affect the properties of
the surface of a colloidal particle, this
assumption may lead to an
appreciable deviation in the
prediction of collision efficiency.
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Introduction

The addition of polymer to a dispersed phase to accelerate
the formation of flocs is one of the key steps in many
wastewater treatment processes. The flocculation pheno-
menon comprises two steps in series: the adsorption of
polymer molecules onto the surfaces of colloidal particles,
followed by particle—particle collisions which result in the
formation of molecular bridges. One of the measures often
adopted to quantify the rate of flocculation is the fraction
of the number of effective collisions between particles
leading to agglomeration, or the collision efficiency. More
often than not, the rate of adsorption of polymer molecules
to colloidal surfaces is assumed to be much faster than the
rate of flocculation [1-4]. In this case, the degree of cover-
age of a colloidal surface by polymer is treated as constant
in the calculation of collision efficiency. As pointed out by
Hsu and Lin [5], this assumption is unrealistic in practice,

and the temporal behavior of the adsorption of polymer
molecules needs to be considered. In the conventional
analysis on the collision efficiency of a polymer-induced
system the particle—particle and particle—polymer interac-
tions are often oversimplified. Molski [4], for instance,
assumes that three types of effective collision between two
colloidal particles are possible: a) Two sites at the collision
point are both bare. The probability of sticking between
these particles is o. b) Two sites at the collision point are
both occupied. The probability of sticking between these
particles is . ¢) One of the two sites at the collision point is
bare and the other is occupied. The probability of sticking
between these particles is unity. The values of & and § are
assumed to be constant, and their dependence on the
physical properties of the system is neglected.

The adsorption of polymer will affect the property of
the surface of a colloidal particle. For instance, the surface
charge will change if polymer molecules are charged. Also,
the adsorbed polymer has the effect of pushing the shear
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plane towards the bulk liquid phase. This may lower the
effective surface potential of a colloidal particle. Further-
more, the apparent Hamaker constant will be different
from that of a polymer—{ree surface. Apparently, the colli-
sion efficiency is largely dependent on the surface property
of a colloidal particle. Since this is almost always over-
looked, the value of the collision efficiency estimated in the
conventional analysis deserves a further investigation. In
the present study, the interaction of two colloidal particles
with adsorbed polymer molecules is examined, and the
sticking probabilities due to various particle—particle in-
teractions are estimated.

Analysis

The analysis is begun by a discussion of the collision
efficiency, followed by the derivation of the sticking prob-
abilities of various types of particle—particle interactions,
and relating these probabilities to the physical properties
of the system under consideration.

Collision efficiency

Intuitively, the collision efficiency E is a function of the
fractional surface coverage of colloidal particles by poly-
mer molecules . La Mer and Healy [1], for instance,
proposed that E and 6 are related by

E=6(1-0). @

This expression is based on the assumption that each
particle has the same fractional surface coverage. Although
Eq. (1) suggests that E has a maximum at 6 = 1/2, the
experimental evidence reveals that the maximum rate of
flocculation does not necessary occur at this value. Several
attempts have been made to provide an explanation for the
observed discrepancy. By taking the possibility of the
reorientation of two colliding particles and the adsorbed
polymer molecules into account, Hogg [2] obtained

E=1-6"—(1-0)>", 2)
where n denotes the number of adsorption sites per par-
ticle. In the case n = 1, Eq. (2) reduces to

E=20(1-90), 3)

This is the correct formulation of the La Mer and Healy
model if the statistics of collisions between a bare patch
and an occupied surface patch are properly taken into
account, The original La Mer and Healy model has also

been modified by Moudgil et al. [3] through taking the
heterogeneity of the colloidal surface into account. They
considered two types of sites on the surface of a particle:
active site and inactive site. An effective collision between
two particles, which yields attachment, occurs only if
a patch of adsorbed polymer finds a patch of free active
sites on another particle, or vice versa. In this case, Eq. (1)
becomes '

E=209%(1 —0), )

where ¢ represents the fraction of active sites on the
surface of a particle. In a recent study, Molski [4] points
out that three types of effective collision between two
colloidal particles are possible: a) Two sites at the collision
point are both bare (coagulation). b) Two sites at the
collision point are both occupied (weak flocculation). ¢)
One of the two sites at the collision point is bare and the
other is occupied (bridging). The probability of sticking
associated with these collisions are respectively o, B, and
unity. It can be shown that

E=1—(1-a)(1—07%—(1—p)6. (5)

If & = O(no coagulation), and f = 0 (no weak flocculation),
this expression reduces to Eq. (3). Equation (5) is further
modified by assuming that the probability of bridging is
v (not necessary unity), and the resultant expression is [6]

E=a(l — 0+ p0* + 2y6(1 — 6) . 6)

If two colliding particles have different sizes, Eq. (6) be-
comes

E=a(l — 0+ B0 + 3,0(1 — ) + 7,0(1 — ) . 7

For fixed values of o, f, y;, and y,, Eq. (7) predicts that the
maximum value of E occurs at 0,,,, [6],

Oy = AT 12720 ®)
201+ vy, —a—f)

In the case where the repulsion due to the steric effect is
significant between two polymer—covered surfaces, f = 0,
Eq. (8) reduces to

1
=241
Gmax 2{

Equation (9) suggests that if polymer bridging is the domi-
nant flocculation mechanism, the maximum collision effi-
ciency is obtained for a surface coverage slightly less than
0.5. On the other hand, if polymer bridging is the only
mechanism, i.e., « = § =0, the maximum collision effici-
ency occurs at § = 0.5. Equation (5) has also been extended
to the case where the temporal variation in the adsorption
of polymer is taken into account [5].

_ OC/('))l + VZ) } (9)
1—[a/(ys + 72)1)
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Sticking probability

The interactions between two colloidal particles include
the electrostatic repulsion, steric repulsion, bridging at-
traction, and van der Waals attraction. If we exclude the
steric repulsion and bridging attraction, and the electro-
static repulsion is suppressed by adding electrolytes until
the energy barrier between two colloidal particles becomes
zero, the phenomenon under consideration is called rapid
coagulation. In this case, the maximum interaction poten-
tial between two colloidal particles Fmax is zero. It has
been shown that the stability ratio Wg,., defined as (num-
ber of collisions between particles under Vmax = 0)/(num-
ber of collisions between particles under Fmax = 0), can
be evaluated by [7]

WFuchs =2 _[ E(EE—I/TIQ(—I;)M dR > (10)
2
where R = r/a, r and a being the center-to-center distance
and the radius of a particle, respectively; kg and T denote,
respectively, the Boltzmann constant and temperature,
and V; denotes the total interaction potential between
particles. In the derivation of Eq. (10), the effect of hy-
drodynamic interaction is excluded. Honing [8] suggests
that if the hydrodynamic interaction is significant, the
following function needs to be included in the integrand of

Eq. (10):
F(R) = (6R* — 11R)/(6R* — 20R + 16) . (11)

McGown and Parfitt [9] pointed out that for rapid coagu-
lation near the primary minimum of the potential distribu-
tion between two colloidal particles, van der Waals attrac-
tion needs to be considered. This is because in the absence
of van der Waals attraction coagulation is impossible. On
the basis of the above discussion, we define the sticking
probability SP as ’

exp[Va(R)/ksT]
RZ
exp[ VT](:;)/kB T] AR

[ FR) dR
2

SP =

s (12)
| F(R)

where V, is the van der Waals potential between two
colloidal particles. According to Eq. (12), SP < 1, and it is
a measure of the ratio (number of collisions between par-
ticles that result in flocculation)/(total number of colli-
sions).

Calculation of ¢, £, y,, and y,

A schematic representation of the system under considera-
tion is illustrated in Fig. 1. In this figure, a; and a, are

Fig. 1 A schematic representation of the linear dimensions used in
the present study. The solid circles represent the surfaces of colloidal
particles, and the dashed circles denote the outer region of the
adsorbed polymer layer

respectively the radius of particle 1 and that of particle 2,
p1 and p, denote the mean thickness of adsorbed polymer
on the surfaces of particle 1 and particle 2, respectively,
and d and r are respectively the surface to surface distance
and center—to—center distance between two particles. The
total interaction potential between particles 1 and 2, Vi,
comprises the van der Waals potential, V;, the electrical
double layer potential, Vg;, and the bridging potential V,,,,
i=1,2, 3, 4. The subscript i represents the following four
types of interaction between surfaces: a) i = 1, both surfa-
ces are bare, b) i = 2, both surfaces are covered by poly-
mer, ¢) i = 3, the surface of particle 1 is covered by polymer
and the surface of particle 2 is bare, and d) i =4, the
surface of particle 1 is bare and the surface of particle 2 is
covered by polymer.

van der Waals potential

The van der Waals potential is evaluated by [10, 11]

V= —A;H/12, (13)

oy y

x4 xy+x X Hxy+x+y

2

+2In [;2%;’—;‘%%} i=1,234. (14)
In this expressions,
Ay = (A — AL — A (14a)
Ay = (4,2 — A1) (A5 — A7) (14b)
As = (A2 — AP AR — A7) (14c)
Ag = (A2 = APV — A% (14d)
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x=d/2(a; + p)=[R—(1+ ys+ y: +y2)1/2(1 + y1)

(14e)
y=A(az + p2)/la, +p)=(ys +y2)/(1 + y1) (146)
R =r/a, (14g)
y1=pi/a, (14h)
Y2 = p2/a; (141)
Y3 = az/a,, (14j)

Aty Aezy Apr, Aps, and A, being the Hamaker constant of
particle 1, particle 2, polymer on particle 1, polymer on
particle 2, and liquid medium, respectively.

Electrical potential

The electrical double layer potential can be calculated
by [12]

ga (1 + + 201 Yq;
s = 1( yi)(ys Y2)(¢%i+ lﬁ%,){ 2W1 ‘//22
(L+ys+y1+y2) Wi + ¥2)
In 1 + exp( — ka; D*)
1 — exp( — xa; D*)
+1In[1 — exp(— 2xa, D*)]}, (15)
i=1,223,4
& = TEmEp (15a)
D¥*=R—(1+ys+y:i+y2) (15b)

In these expressions, &, and ¢, are, respectively, the dielec-
tric constants of solution and vacuum, and ;; is the
surface potential, i denotes the identification of a particle
(1 or 2), and j represents its status (whether it is covered by
polymer).

Bridging potential

The bridging potential V;,, plays the major role in the
determination of the degree of attachment of a polymer
molecule to a colloidal surface. Although relevant results
about the adsorption of polymer to surfaces are ample in
the literature, the exact form for V,,, is still not well
understood. The adsorption of polymer molecules onto
the surfaces of colloidal particles correlates with the inter-
action energy among colloidal surface, polymer, and sol-
vent. Since polymer dissolves in solvent, the interaction
energy between polymer and solvent is greater than that of
polymer and polymer. Similarly, the interaction energy
between polymer and colloidal surface is greater than that
of polymer and solvent so that adsorption occurs. Let Ej

be the net interaction energy between polymer molecule
and colloidal surface. The greater the E,, the greater the
fraction of colloidal surface covered by polymer. We as-
sume that Vj,, is proportional to the product of E, and the
fraction of unadsorbed polymer 7, ie.,
Viag € E {16a)

Clearly, » is a function of E, the greater the E;, the smaller
the #. Suppose that

n ocexp( — Eg/kgT) . (16b)
Thus,
Voag = — C1Esexp(— Ey/kgT), (17)

where C, is constant.

We assume that the mean thickness of polymer on the
surface of a colloidal particle is proportional to #. If we
denote y* as the ratio of the linear dimension of an unad-
sorbed polymer molecule with a,, then

y1(or yy) = y*exp( — Es/kgT) . (13)

Hydrodynamic interaction

The effect of hydrodynamic interaction is taken into ac-
count by considering the expression below [7]:

F; = (6D** + 13D* + 2)/(6D*? + 4D*) (19)

For i=1, yi=y,=0; i=3, y,=0, Yy3=1,,
¢23=W21;i=4,J’1=0,¢14=W11>¢24=W22-
We define o, 8, y;, and y, by [13, 14]

¥4y, [Fyexp(Vyy/kpT)]/R%dR

=% R 20
[T+ys [Fiexp(Vry/kgT)]/R?dR (20)
g = {Tensyier [F2exp(Vao/ksT))/R?AR o
§¥tvsty+vs [F2exp(Vra/ksT)]/R?dR’
v, = Cayy jio+y3+y1 [F3exp(Vas/ksT)]/R*dR (22)
1 R )
{4y 49: [Faexp(Ves/ksT)]/R?dR
s, = Ca¥ [Teyseys [Faexp(Vaa/ksT)1/R?AR 23
[¥tystys [Faexp(Vra/ksT)]/R?dR
where C, is constant, Vi, =V + Ve i=1,2, and

Vri= Vai+ Vri + Viay, 1 = 3, 4. Equations (22) and (23)
are based on the assumption that the sticking probabilities
y, and y, are proportional to the extended length of
adsorbed polymer.
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Results and discussion

The variation of sticking probabilities a, 8, v, and 7, as
functions of the relevant parameters are examined through
numerical simulation. For convenience, we assume
a; = a, and y; =y, = y. Figure 2 shows the variation of
sticking probability as a function of the Hamaker constant
of a colloidal particle A, at different values of the surface
potential of a particle; the variation of « as a function of A4_
at different values of the reciprocal Debye length is illus-
trated in Fig. 3. These figures reveal that o is extremely
sensitive to the variation in the Hamaker constant of
colloidal particle. This is expected since the attraction of
particles is due to van der Waals force, and it is propor-
tional to Hamaker constant. Figure 2 suggests that de-
creases with the increase in the absolute value of the
surface potential of colloidal particle. According to DLVO
theory, the greater the surface potential, the higher the
energy barrier that prevents two particles from becoming
closer, and, therefore, the lower the value of «. As can be
seen from Fig. 3, « increases with the increase in «. This is
because the greater the value of x, the thinner the double
layer, and the lower the energy barrier. The qualitative
behavior of the variation of sticking probability as func-
tions of Hamaker constant and the reciprocal Debye
length is consistent with those observed by Valioulis and
List [17].

Figure 4 shows the variation of sticking probability
S as a function of the Hamaker constant of polymer A4, at

Fig. 2 Variation of sticking probability « as a function of the
Hamaker constant of a colloidal particle at different values of the
surface potential of particle ,, for the case x = 10%/m. Key:
a;=a; =lpum, y3 =1, kg = 1.38062 x 10~ 2* J/°K, T = 298.15°K,
6o = 8.854x 1071 N/m, ¢, = 7854, A,, = 48 x1072° J
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Fig. 3 Variation of sticking probability o« as a function of the
Hamaker constant of a colloidal particle at different values of the
reciprocal Debye length for the case y,, =¢,, = — 30mV. Key:

same as Fig, 2
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Fig. 4 Vanation of sticking probability f as a function of the
Hamaker constant of polymer at different values of the surface
potential of polymer for the case x = 10%/m and y; = y, = 0.03. Key:
same as Fig, 2

different values of the surface potential of polymer ,,; the
variation of § as a function of A, at different values of the
reciprocal Debye length is shown in Fig. 5. The qualitative
behavior of the variation in f is similar to that of « shown
in Figs. 2 and 3. It is worth noting that the adsorption of
polymer will affect the properties of the surface of a col-
loidal particle. If the sign of the surface charge is the same
as that.of polymer, the adsorption of polymer has the effect
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y1 =y, = 0.03. Key: same as Fig. 2 b (®) r
15.0 C
of increasing the apparent surface charge. On the other 7 Lo.04
hand, if the sign of the surface charge is different from that E r
of polymer, the adsorption of polymer will lower the ap- < 100 - Y1
parent surface charge. The adsorption of uncharged poly- ¢ = 7 -
mer has the effect of pushing the shear plane towards the ~ ] -
bulk liquid phase, and this may lower the effective surface . -0.02
potential. Also, the apparent Hamaker constant is differ- 5.0 7 r
ent from that of a polymer—free surface. ] C
Figure 6(a) shows the variation of sticking probability . r
as a function of E, at different values of the reciprocal ] C
Debye length. This figure reveals that for a fixed x, y in- 0.0 T T T T 0.00
creases first with the increase in E, passes through a max- Ee (kaT)

imum, and then decreases with a further increase in E;.
The bridging attraction [15] and the thickness of adsorbed
polymer layer [16] are two major factors affecting the
magnitude of y. Apparently, the greater the bridging at-
traction and/or the thicker the adsorbed polymer layer, the
easier a bridge between two colloidal particles can be
formed. On the other hand, the thicker the adsorption
layer, the greater the double layer repulsion force, and the
harder it is to form a bridge between two colloidal par-
ticles. By referring to Eqgs. (17) and (18), both the bridging
attraction and the thickness of adsorbed polymer layer
vary with Ej, as illustrated in Fig. 6(b). This figure shows
that the thickness of adsorbed polymer layer decreases
monotonically with the increase in E,. The bridging attrac-
tion increases first with the increase in E, passes through
a maximum, and then decreases with a further increase in
E;. Thus, there exists an optimal E such that the bridging
attraction—thickness of adsorbed polymer layer combina-

Fig. 6 a) Variation of sticking probability y as a function of net
interaction energy E, at different reciprocal Debye lengths for the
case A,; = A, =105x107"2J, 4, =4, =88x1072°J ¥,
=y, = —30mV, ¢ ,=4,,= —23mV, C; =50, C, =3, and
y* = 0.06. Curve 1: k = 107/m; 2: x = 2 x 10%/m; 3: k = 10%/m. Key:
same as Fig. 2. b) Variation of bridging potential and the thickness of
adsorbed polymer layer as functions of E;

tion is the most appropriate to the formation of a bridge
between two colloidal particles.

Figure 7 illustrates a typical variation in the collision
efficiency as a function of the fractional surface coverage of
colloidal particles by polymer. This figure shows that the
collision efficiency increases with the increase of 8, passes
through a maximum, and then decreases with a further
increase of 6. Here, 6 is defined as the fractional coverage
of the active sites on the colloidal surface. The maximal
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Fig. 7 Variation in the collision efficiency as a function of fractional
surface coverage of colloidal particles for the case 4, = 1.065 x 10712
Jo Y, = -30mV, y,,= —25mV, k=10%m, y, =002
Vyay = 4T, 4,=9.53x1072°J, and C, = 3

value of § depends on the values of «, fi, and y, which in
turn are determined by the properties of coiloidal particles,
solution, and polymer used. We found that, in general, the
maximal value of collision efficiency is slightly greater than
0.5. However, if § = 0, this value is slightly less than 0.5; it
equals 0.5 only if a = = 0.

Figure 8 shows the variation in the ratios f0%/a(1 — )
and 2y6(1 — 0)/a(1 — 0)*> as a function of the Hamaker
constant of polymer A, at various degrees of surface cover-
age of colloidal particles by polymer. The former is
a measure of the relative significance of weak flocculation
(flocculation due to the collision at which two sites at the
collision point are both occupied by polymer) and coagu-
lation (flocculation due to the collision at which two sites
at the collision point are both bare), and the latter is
a measure of the relative significance of the bridging floc-
culation (flocculation due to the collision in which one site
at the collision point is occupied by polymer and the other
is bare) and coagulation. Figure 8 reveals that a fixed
surface potential of colloidal particles, both ratios increase
with the increase of 4,. At a fixed 4, both ratios increase

(%] S %))
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Sorvergga et b eva Lo crra bt esns
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80°/a(1-0) or 2y0(1-0)/a(1—0)?
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‘\
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s

Fig. 8 Variation in the relative significance of (weak floccula-
tion/coagulation), dashed lines, and (bridging flocculation/coagula-
tion), solid lines, as a function of the Hamaker constant of polymer
A, at various degrees of surface coverage of colloidal particles by
polymer for the case A, =1065x10"°J, y,, = —30mV,
Vo= —25mV, V,, =4kgT, C, =3, y, =002, and « = 10%/m.
Curve 1: 8=07,2:0=05;3:6=03

with the degree of surface coverage of colloidal particles by
polymer.

Conclusion

In summary, the interactions between two colloidal
particles in a solution containing polymer molecules are
calculated. These interactions play a significant role in the
estimation of the collision efficiency of an unstable disper-
sed system. We find that the sticking probability is ex-
tremely sensitive to the variation in the Hamaker constant
of a colloidal particle. Since the adsorption of polymer will
affect the properties of the surface of a colloidal particle,
we conclude that the kinetic behavior of polymer induced
flocculation needs to be considered in the evaluation of
collision efficiency.

Acknowledgement This work is supported by the National Science
Council of the Republic of China.

References

1. La Mer VK, Healy TW (1963) Rev Pure
Appl Chem 13:2417-2420
2. Hogg R (1984) J Colloid Interface Sci

102:232-236 267:371-375

3. Moudgil BM, Shah BD, Soto HS (1987)
J Colloid Interface Sci 119:466-473
4. Molski A (1989) Colloid Poly Sci

5. Hsu JP, Lin DP (1991) J Chem Soc
Faraday Trans I 87:1177-1181

6. De Witt JA, van de Ven TGM (1992)
Adv Colloid Inter Sci 42:41-46



278

Colloid & Polymer Science, Vol. 273, No. 3 (1995}

© Steinkopfl Verlag 1995

10.

. Vold RD, Vold MJ (1983) In: Colloid

and interface chemistry. Addision-Wes-
ley, Massachusetts p 266

. Honing EP (1971) J Colloid Interface Sci

36:97-109

. McGown DNL, Parfitt GD (1967)

J Phys Chem 71:449-450

Osmond DWJ, Vincent B, Waite FA
(1973) J Colloid Interface Sci.
42:262-269

11.
12.

13,

14.

Usus S, Barouch E (1990) J Colloid In-
terface Sci 137:281-288

Hogg R, Healy TW, Fuerstenau DW
(1966) Trans Faraday Soc 62:1638-1651
Sonntag H, Strenge K (1987) In: Coagu-
lation kinetics and structure formation,
pp 47-50, NY

Scheer AVD, Janke MA, Smolders CA
(1978) Faraday Disc Chem Soc
65:264-287

15, Clark AT, Lal M (1982) In: Tadros ThF

(ed), The effect of polymers on dispersion
properties. Academic Press, NY, pp
169-181

16. Kashiki I, Suzuki A (1986) Ind Eng

Chem Fundam 25:444-449

17. Valioulis I, List EJ (1984) Adv. Colloid

Interface Sci 20:1-20.



